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In this paper we give two results concerning the signless Laplacian spectra of simple
graphs. Firstly, we give a combinatorial expression for the fourth coefficient of the (signless
Laplacian) characteristic polynomial of a graph. Secondly, we consider limit points for the
(signless Laplacian) eigenvalues andwe prove that each non-negative real number is a limit
point for (signless Laplacian) eigenvalue of graphs.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
All graphs considered here are undirected and simple (i.e., loops and multiple edges are not allowed). Let G =
G(V (G), E(G)) be a graph with vertex set V (G) = {v1, v2, . . . , vn} and edge set E(G), where |V (G)| = n(G) = n is the
order of G and |E(G)| = m(G) = m is the size of G. Let (d1, d2, . . . , dn) be the sequence of vertex degrees ordered in a
non-increasing way. For a graph G, letM = M(G) be a corresponding graph matrix defined in some prescribed way. TheM-
polynomial of G is defined as det(λI −M), where I is the identity matrix. TheM-spectrum, denoted by SpecM(G), of G is the
multiset consisting of the eigenvalues of its graphmatrixM (i.e., theM-eigenvalues). Usually the graphmatrices considered
are the adjacency matrix A(G), the Laplacian matrix L(G) = D(G)−A(G), where D(G) is the diagonal matrix of vertex degrees,
the signless Laplacian matrix Q (G) = D(G)+ A(G), and others.
Recently, Cvetković et al. [1] intended to build a theory of graph spectra with respect to the signless Laplacian matrix
(also called Q -theory) of graphs. We refer the readers to [2–4] for the developments in this field. In this paper, we proceed
to investigate the Q -theory of graphs. In particular, we give an expression for the first four coefficients of Q -polynomial
and we show that any non-negative real number is a limit point for signless Laplacian eigenvalues of a sequence of
graphs.
The notation used in this paper is the following: for each v ∈ V (G), let dG(v) be the degree of v and NG(v) the set of
vertices adjacent to v. As usual, let Cn, Pn, Kn and K1,n−1 be the cycle, the path, the complete graph and the star of order n.
For all other notations and definitions not given here, we refer the readers to [5].
The paper is organized as follows: in Section 2 we consider the first four coefficients for the signless Laplacian
characteristic polynomial of graphs; in Section 3 we make some remarks on the limit points for eigenvalues w.r.t. signless
Laplacian of sequences of graphs.
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2. The coefficients of Q -polynomials
Let G be a connected graph with order n. Let the L-polynomial and the Q -polynomial of G beψ(G, λ) = det(λI− L(G)) =∑n
i=0 qi(G)λn−i and ϕ(G, λ) = det(λI − Q (G)) =
∑n
i=0 pi(G)λn−i.
Oliveira et al. [6] gave the formulas for the first four coefficients of ψ(G, λ).
Lemma 2.1. Let G be a graph with n vertices and m edges and d = (d1, d2, . . . , dn) be its non-increasing degree
sequence. Then q0(G) = 1, q1(G) = −2m, q2(G) = 2m2−m− 12
∑n
i=1 d
2
i and q3(G) = 13 (−4m3+6m2+3(m−1)
∑n
i=1 d
2
i −∑n
i=1 d
3
i + tr(A3)).
Let H be a subgraph of G and let nG(H) be the number of subgraphs in G isomorphic to H . The following fact can be found
in several places, e.g. [5].
Lemma 2.2. Let A be the adjacency matrix of a graph G. Then tr(A3) = 6nG(C3).
2.1. The first three coefficients of Q -polynomials
Cvetković et al. [1] showed that p2(G) = a+ 32m(m− 1), where a is the number of pairs of non-adjacent edges in G. It is
easy to check that a = (m2 )−∑ni=1 ( di2 ). Together with their results in [1] we obtain the following lemma:
Lemma 2.3. Let G be a graph with n vertices, m edges and degree sequence (d1, d2, . . . , dn). Then
p0(G) = 1, p1(G) = −2m, p2(G) = 2m2 −m− 12
n∑
i=1
d2i .
The following corollary follows from Lemmas 2.1 and 2.3.
Corollary 2.4. Let G be a graph. Then qi(G) = pi(G) for i = 0, 1, 2.
Let G and H be two graphs. A property is called anM-invariant if SpecM(G) = SpecM(H) implies that G and H share that
property. Since cospectral graphs share the same characteristic polynomial, then the corresponding coefficients are also
the same. Using the first three coefficients of the {L,Q }-polynomial of a graph G, we define I1(G) (called (signless) Laplacian
character) as a {L,Q }-invariant:
I1(G) =

0 if q1(G) = 0;
−q2(G)+
(−q1(G)− 1
2
)
− q0(G) if q1(G) 6= 0.
It is not difficult to check that the invariant I1(G) is the difference between the size and the order of the line graph of G.
We will give more details on the latter invariant and discuss its implications in the study of the (signless) Laplacian spectral
characterization of graphs in one of our forthcoming papers.
2.2. The fourth coefficient of Q -polynomials
Following [1], we define a TU-subgraph of a graphG any spanning subgraphwhose components are trees or odd-unicyclic
graphs. If H is a TU-subgraph of G consisting of c unicyclic graphs and trees T1, T2, . . . , Ts, then we define the quantity
W (H) = 4c∏si=1(1+ |E(Ti)|) as the weight of H . In [1] Cvetković et al. expressed the coefficients of ϕ(G, λ) by the weights
of TU-graphs of G, and they proved the following result.
Lemma 2.5. Let Hi be the set of all TU-subgraph of G with i edges. Then, for each 1 ≤ i ≤ n,
pi(G) =
∑
H∈Hi
(−1)iW (H).
From the above lemma we can deduce an expression for the fourth coefficient p3(G). Indeed, all possible TU-subgraphs
H3 of Gwith 3 edges are the following:
C3 ∪ (n− 3)K1, P4 ∪ (n− 4)K1, K1,3 ∪ (n− 4)K1, P2 ∪ P3 ∪ (n− 5)K1, 3P2 ∪ (n− 6)K1.
By computing their weights, we get 4, 4, 4, 6 and 8, respectively. Let the numbers of subgraphs of Gwhich are isomorphic
to C3, P4, K1,3, P2 ∪ P3 and 3P2 be respectively N1,N2,N3,N4 and N5 (so N1 = nG(C3)). Thus, Lemma 2.5 yields the following
p3(G) = −(4N1 + 4N2 + 4N3 + 6N4 + 8N5). (1)
Note that any graph in {C3, P4, K1,3, P2 ∪ P3} can be obtained by adding a new edge (with eventually new vertices) to P3.
We denote by N0 the total number of subgraphs of G formed by adding an edge to P3. Hence we get
N0 =
n∑
i=1
(
di
2
)
(m− 2). (2)
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But this number counts duplications of the graphs C3, P4 and K1,3, which are respectively counted 3, 2 and 3 times. So we
get
N0 = 3N1 + 2N2 + 3N3 + N4,
which leads to
N4 = N0 − 3N1 − 2N2 − 3N3, (3)
N1 + N2 + N3 + N4 = N0 − 2N1 − N2 − 2N3. (4)
Note again that N1 + N2 + N3 + N4 is the number of sets of three non-independent edges and N5 is the number of sets of
three independent edges. So, N1 + N2 + N3 + N4 + N5 =
(m
3
)
which, together with (4), results in
N5 =
(m
3
)
− (N1 + N2 + N3 + N4) =
(m
3
)
− (N0 − 2N1 − N2 − 2N3). (5)
Substituting (3) and (5) into (1) we obtain by direct calculation that
p3(G) = 2N0 − 2N1 − 2N3 − 8
(m
3
)
. (6)
Substituting (2) and N3 =∑ni=1 ( di3 ) into (6) we get the following result:
Theorem 2.6. Let G be a graph with degree sequence (d1, d2, . . . , dn), so the order is n and the size is m = 12
∑n
i=1 di. Then
p3(G) = 2(m− 2)
n∑
i=1
(
di
2
)
− 2
n∑
i=1
(
di
3
)
− 8
(m
3
)
− 2nG(C3)
= 1
3
(
−4m3 + 6m2 + 3(m− 1)
n∑
i=1
d2i −
n∑
i=1
d3i − 6nG(C3)
)
.
We are now in a position to define the secondM-character, whereM ∈ {L,Q }.
Definition 1. Let G be a graph and ϕ(G, λ) = ∑ni=0 pi(G)λn−i be its Q -polynomial. The second Q -character of G is defined
as:
IQ2 (G) = −p3 −
(−p1
3
)
+ (p1 + 2)
(
p2 −
(−p1
2
))
+ p1
= 1
3
n∑
i=1
d3i −
8m
3
+ 2nG(C3). (7)
Similarly, for the L-polynomial we define the second L-characters as:
IL2(G) =
1
3
n∑
i=1
d3i −
8m
3
− 2nG(C3).
Remark 1. Let G and H be two graphs on n vertices such that SpecQ (G) = SpecQ (H). Clearly, since their Q -polynomials
are the same, we have IQ2 (G) = IQ2 (H). From (7) we have
∑n
i=1 dG(vi)3 + 6nG(C3) =
∑n
i=1 dH(vi)3 + 6nH(C3). Now
consider I(L)2 (G), i.e., the second L-character. Similarly to above, we have that if G and H share the same L-polynomial, then∑n
i=1 dG(vi)3 − 6nG(C3) =
∑n
i=1 dH(vi)3 − 6nH(C3).
We note that both the latter invariants were implicitly considered and used in [7,8] to discuss the (signless) Laplacian
spectral characterizations of twokind of graphs:∞-graphs and3-rose graphs, namely two cycleswith one vertex in common
and three cycles with one vertex in common, respectively. However in the above cited papers the equalities were deduced
by comparing the spectral moments (for more details see Lemma 2.6 in [7]).
From now on we will consider just the second Q -character IQ2 (G). In order to make the text easier to read, we will put
I2(G) instead of I
Q
2 (G) (hence Q is omitted).
Corollary 2.7. Let G be a graph with components G1,G2, . . . ,Ga. Then
I2(G) =
a∑
i=1
I2(Gi).
We conclude this part by showing that under some assumptions the second Q -character does not increase with the
removal of edges.
1048 J. Wang et al. / Applied Mathematics Letters 23 (2010) 1045–1049
Lemma 2.8. Let G be a connected graph with e ∈ E(G) and G 6= P2. Then I2(G) ≥ I2(G− e).
Proof. Set e = uv. Since G 6= P2, then dG(u) ≥ 1 and dG(v) ≥ 2 without loss of generality. We prove the result by the
following two cases:
Case 1. |NG(u) ∩ NG(v)| = 0. Then nG(C3) = nG−e(C3) andm(G− e) = m(G)− 1. So we get
I2(G)− I2(G− e) = 13
n∑
i=1
dG(vi)3 − 8m(G)3 −
1
3
n∑
i=1
dG−e(vi)3 + 8m(G− e)3
= dG(u)(dG(u)− 1)+ dG(v)(dG(v)− 1)− 2 ≥ 0.
Case 2. |NG(u) ∩ NG(v)| = δ ≥ 1. Then nG(C3) = nG−e(C3)+ δ andm(G− e) = m(G)− 1. So we have
I2(G)− I2(G− e) = 13
(
n∑
i=1
dG(vi)3 −
n∑
i=1
dG−e(vi)3 + 8
)
+ 2δ
= dG(u)(dG(u)− 1)+ dG(v)(dG(v)− 1)+ 2(δ − 1) > 0.
This completes the proof. 
Corollary 2.9. Let H be a connected subgraph of G with m(G) ≥ m(H) > 1. Then I2(H) ≤ I2(G).
Theorem 2.10. Let G be a connected graph. Then I2(G) ≥ −2 with equality holds if and only if G = Pn, where n ≥ 2.
Proof. Let 4(G) be the maximal degree of G. If 4(G) = 0, then G = K1 with I2(G) = 0. If 4(G) = 1, then G = P2 with
I2(G) = −2. If 4(G) = 2, then G is a path Pn or a cycle Cn, where n ≥ 3. A direct calculation shows that I2(Pn) = −2,
I2(C3) = 2 and I2(Cn) = 0 for n > 3. If4(G) ≥ 3, then G contains the subgraph star K1,3 with I2(K1,3) = 2. By Corollary 2.9
we get I2(G) ≥ I2(K1,3) = 2. This completes the proof. 
3. Some remarks on the limit points of Q -eigenvalues
The Q -eigenvalues of a graph G are those of its graph matrix Q (G). Since Q (G) is positive semi-definite matrix, then all
its eigenvalues are non-negative and denoted by κ1(G) ≥ κ2(G) ≥ · · · ≥ κn(G) ≥ 0; usually the largest Q -eigenvalue κ1(G)
is called the Q -index. The study of the limit points of the A-eigenvalues of graphs was initiated by Hoffman [9]. Now we
consider limit points of the Q -eigenvalues of graphs. Obviously, the limit points of the Q -eigenvalues are non-negative real
numbers.
Definition 2. A real number γ is said to be a limit point of the Q -eigenvalue κt of graphs if there exists a sequence
{Ga | a ∈ N} of graphs such that
κt(Gi) 6= κt(Gj), i 6= j and lim
a→∞ κt(Ga) = γ .
Guo in [10] considered the limit points of the Laplacian spectral radii of graphs. Actually, Guo’s main result (Theorem 3.5)
in [10] can be immediately extended to the Q -spectra of graphs. Indeed, Theorems 3.1–3.3 and their corresponding
corollaries in [10] are the preparations for Theorem 3.5, and in [11] the authors proved the counterparts for the Q -spectra.
Sowe have that Theorem 3.5 in [10] holds for theQ -theory as well (proof is omitted). For consistency, we adopt the notation
in [11].
Let  = 13
(
(54− 6√33) 13 + (54+ 6√33) 13
)
. In fact,  is equal to ω + ω−1 in Guo’s Theorem 3.5, where ω =
1
3
(
(19+ 3√33) 13 + (19− 3√33) 13 + 1
)
.
Theorem 3.1. Let β0 = 1 and βn(n ≥ 1) be the largest positive roof of
fn(x) = xn+1 − (1+ x+ · · · + xn−1)(
√
x+ 1)2.
Let αn = 2+ β
1
2
n + β−
1
2
n . Then
4 = α0 < α1 < α2 < · · ·
are all the limit points of Q -index of graphs less than limn→∞ αn = 2+  ≈ 4.38+.
Now, following [12], we give a more general definition of limit point of Q -eigenvalues of a sequence of graphs.
Definition 3. LetG denote an infinite set of (di)graphs. The real (complex) number λ is said to be a limit point of eigenvalues
of G if there is an infinite sequence of distinct real (complex) numbers {λn}, each of which is an eigenvalue of a (di)graph in
G such that λ = limn→∞ λn.
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Clearly, a limit point of aQ -eigenvalue according toDefinition 2 is a limit point ofQ -eigenvalues according toDefinition 3.
We end this note by giving the analogous result in [12] with respect to the Q -theory.
Theorem 3.2. Each non-negative real number γ is a limit point of the Q -eigenvalues of graphs.
Proof. It is well known that the cycle Cn hasQ -eigenvalues 2+2 cos 2in pi , i = 1, 2, . . . , n. Note that C2t+1 has aQ -eigenvalue
κt = 2+2 cos 2t2t+1pi . Clearly, κt decreases as t increases and κt → 0when t →∞. Sowe have that γ = 0 is a limit point for
the Q -eigenvalues of graphs. Next take γ > 0. Since κt → 0 (t →∞), for any 0 < ε < 12γ , take a t such that κt < 12ε. Set
N = b(γ − 12ε)/κtc. ThusN ≤ (γ − 12ε)/κt < N+1which implies thatNκt ≤ γ − 12ε < γ andNκt > γ − 12ε−κt > γ −ε.
Hence γ − ε < Nκt < γ . Let Hε be the sum of N copies of C2t+1. It has been proved that the Q -eigenvalues of the sum graph
H1 + H2 are all possible sums of Q -eigenvalues of H1 with those of H2 (see [5] for the definition of sum and the result in
the adjacency variant and [2] for its Q -theory variant). Hence Hε has a Q -eigenvalue κt ′(Hε) = Nκt . Consequently, for any
ε > 0 there exists a graph Hε whose Q -eigenvalue κt ′ lies in (γ − ε, γ ). This ends the proof. 
Note that in the proof of Theorem 3.2 we show that each non-negative number is a limit point for the least Q -eigenvalue
of a sequence of graphs. However the latter limit point is not a limit point in the sense of Definition 2.
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